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This paper is concerned with graphs G containing an induced 5-circuit such that any two 
non-adjacent vertices of G have exactly two common eighbours. Amongst hese graphs three 
particular graphs are characterized bythree forbidden induced subgraphs. In particular, a new 
characterization f the triangulation of the torus is obtained. No cardinatity restrictions are 
made. 
Introduction 
This paper centres around three graphs which are shown in Figs. 1, 2, and 3. 
These graphs have been considered in the literature for various reasons. For 
instance, the dwarf appears (nameless) in a list of small 4-critical graphs, see Toft 
[4]. The brick is a graph with constant neighbourhood (link), viz. the neighbour- 
hood of every vertex is a path of length three, see Hell [3]. The triangulation of 
the torus is known to be co-spectral with the cartesian product K4 X K 4 of tWO 
complete graphs of size four. Moreover, both graphs are strongly regular with the 
same parameters in the sense of [2]. For pertinent references, see Schwenk [5], 
and Cameron and van Lint [2]. Recall that a strongly regular graph is a finite 
non-complete graph such that any two adjacent vertices have .exactly te~>0 
common neighbours and any two non-adjacent vertices have exactly f l~  1. 
common neighbours. For the triangulation of the torus one has a~ = fl = 2. On the 
other hand, let G be /(4 or a strongly regular graph with tr = fl = 2. Then the 
neighbourhood of every vertex is a disjoint union of circuits (because tr = 2). By 
the so-called rationality conditions (see [2]) G must be regular of degree 3 or 6. 
Then it is not difficult to see that the number of vertices is either 4 or 16, and 
hence that G is either K4,/(4 x/(4, or the triangulation of the torus. In contrast, 
there are many infinite graphs such that any two vertices have exactly two 
common neighbours. Now, is there also a local condition which separates the 
three finite examples from the infinite ones? Yes, there is. Every infinite graph 
with the above property contains a certain graph with six vertices as an induced 
subgraph (viz. A2 in Fig. 4), while the latter does not occur in the finite case. This 
will be shown in Theorem 4. Furthermore, no graph of Fig. 4 is an induced 
subgraph of the triangulation of the torus. We will investigate this local property 
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within a larger class of graphs: consider graphs in which any two non-adjacent 
vertices have exactly two common neighbours. Using the terminology of Mulder 
[4] these graphs are the interval-regular g aphs of diameter two. Now, amongst 
these graphs there are precisely three graphs containing an induced circuit of 
length five but no induced A2, /35, or B3,3: namely, the dwarf, the brick, and the 
triangulation of the torus (see Theorem 3). It is easy to distinguish the dwarf from 
the other two graphs by an additional ocal property (see Fig. 5): the dwarf 
contains an induced subgraph A 3 but not B3, while the brick and the triangulation 
of the torus have induced subgraphs B3 but no induced A3; in all three graphs B4 
occurs as an induced subgraph. 
Inspecting Figs. 1, 2, 3, one observes that each graph is related to a hypercube. 
The dwarf is obtained from the cube Q3 by deleting one vertex and making its 
neighbours adjacent. The brick is just Q3 plus four independent ew edges, while 
the triangulation of the torus is the 4-dimensional hypercube Q4 plus four 
independent new circuits of length four (recall that the n-dimensional hypercube 
Q,, is the cartesian power of n copies of K2). 
This paper continues [1], where some other classes of interval-regular g aphs of 
diameter two have been investigated. 
1. Preliminaries 
A concept basic to our considerations is that of convex closure. Let G be a (not 
necessarily finite) simple connected graph. An induced subgraph H of G is called 
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convex if every shortest path in G joining two vertices of H is contained in H. 
Observe that if H is a convex subgraph of G, then the neighbours in H of any 
vertex of G not in H induce a complete graph. The convex closure of a subgraph 
H0 of G is the smallest convex subgraph H of G containing H0. For a graph G of 
diameter two, the convex closure H of an induced subgraph H0 of G is recursively 
obtained as follows: H is the union of all H,,, where each H,, (n 1> 1) is the 
subgraph induced by Hn-a and the vertices of G adjacent o two non-adjacent 
vertices of H,,-a. For example, the shaded vertices in Figs. 1 and 2, respectively, 
induce a subgraph H0 isomorphic to C5 (as usual, C,, denotes the circuit of length 
n). The convex closure H of either subgraph Ho is the whole graph, and is 
obtained after the first step, i.e., H =/-/1. In general, of course, infinitely many 
steps are necessary in order to get the convex closure (cf. Fig. 12). In what 
follows let G be a graph such that any two non-adjacent vertices have exactly two 
common neighbours. Let H0 be any induced 5-circuit of G. Then Ho together with 
any vertex of Hi not in Ho induces a graph isomorphic to either A2, B3, A3, B4, 
or B5 (we adopt the notation from [1]). Consider, for instance, the shaded 
vertices in Figs. 1 and 2, respectively. In the dwarf these vertices together with s 
induce A3, whereas with u they induce B4. Similarly, in the brick the shaded 
vertices with p (or q) give B3, while they give B4 with w. Note that the "central" 
vertex in A2, B3, A3, B4, and Bs, respectively, serves as a second common 
neighbour for several pairs of non-adjacent vertices on the "outer" circuit C5; the 
number of pairs is either one (in A2, B3), two (in A3), three (in B4), or five (in 
Bs). From this we see that only certain combinations of A2, B3, A3, B4, B5 can 
occur in Ha for any induced 5-cirCuit Ho of G. If the graphs of Fig. 4 are forbidden 
induced subgraphs, then the number of possible combinations decreases drasti- 
cally. Indeed, by our first lemma, the convex closure of any induced C5 is then 
either a dwarf or a brick in G. 
Lemma 1. Let G be a graph such that any two non-adjacent vertices have exactly 
two common neighbours. Then the convex closures of induced 5-circuits in G are 
dwarfs or bricks if and only if G does not contain A2, Bs, or B3, 3 (see Fig. 4) as an 
induced subgraph. 
Proof. First observe that neither the dwarf nor the brick contains an induced A2, 
85, or B3,3. NOW, assume that the latter are not induced subgraphs of G. 
Consider an induced 5-circuit C in G. Every pair of non-adjacent vertices of C 
has a second common neighbour in G. Any such vertex together with C induces a 
graph from Fig. 5. We distinguish three cases. 
Case 1. C is contained in some induced B4 and some induced A3 
Let r, q, t, w, v, and u be the vertices of the subgraph B4 as in the dwarf of Fig. 
1. Necessarily, the subgraph A3 contains a vertex s adjacent to q, v, and w. Since 
s and u cannot be adjacent, those seven vertices induce a dwarf. 
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Case 2. C is contained in an induced B4 but not in an induced A3 
Let r, s, t, u, v, and w be the vertices of the subgraph B4 as in the brick of Fig. 
2. Since A2 is forbidden and there is no vertex adjacent to r, s, and u by 
hypothesis, there exist vertices p and q adjacent to s, t, u and r, u, v, , 
respectively. Then p and q are adjacent because B3, 3 is forbidden. Hence those 
eight vertices induce a brick. 
Case 3. C is not contained in any induced B4 
Let C be the 5-circuit r---~ s---~ t---~ u---> v---> r. Then C is contained in either two 
subgraphs A3 (and one B3) or at least three subgraphs B3. Assume the former, 
that is: there exist vertices x and y adjacent to, say, r, t, v and s, u, v, 
respectively. Further, there exists a vertex q adjacent to u, v, and r. Then 
q ~ r---~ s---> t---> u ~ q is an induced 5-circuit. Since A2 is forbidden, x must be 
adjacent o q. Now, however, u and x have three common neighbours, viz. t, v, 
and q. This gives a contradiction, and therefore we conclude that C is contained 
in three subgraphs B3. Then there exist two such subgraphs whose union gives 
B3,3: say, there are vertices p and q adjacent o s, t, u and r, u, v, respectively. 
Since B3, 3 cannot  be induced in G, the vertices p and q are adjacent (see Fig. 2). 
Then the 5-circuit q ~ r---> s ~ t--~ u ~ q together with p induces B4, and with v 
induces B3. Thus there must be a second B3 containing that 5-circuit. Hence as in 
Case 2 we infer that there exists a vertex w adjacent to r, s, t, and v. Now, these 
eight vertices induce a brick, contrary to the initial hypothesis. Therefore Case 3 
is impossible, completing the proof. [] 
The graphs satisfying all conditions of the preceding lemma will be charac- 
terized in Theorem 3. The dwarf and the brick themselves are such graphs. In 
order to show that the triangulation of the torus is the only other candidate we 
need some information on how the dwarf and the brick could possibly be 
extended. This is accomplished by the following technical lemmata. 
Lemma 2. Let G be a graph satisfying the conditions of  Lemma 1, and let H be an 
induced dwarf  in G labelled as in Fig. 1. I f  x is a vertex of  G (not in H) adjacent o 
two vertices (say, u and r) which lie on both a triangle and an induced C4 in H, 
then x is adjacent to the third vertex in that triangle (viz. v), and there are no 
further neighbours of  x in H. 
Proof. Let G and x be as described above, and suppose that x and v are not 
adjacent. Recall that the neighbours of x in H must induce a complete subgraph. 
Then s and x are at distance two, whence there is some vertex y (not in H) 
adjacent o both. Since v and x have already two common neighbours in H, the 
5-circuit C given by x ~ y ---> s----> v ---> u ~ x is induced (see Fig. 6). Moreover, r 
and w belong to the convex closure of C. Since r and y cannot be adjacent, C and 
r induce a B3. Therefore, by virtue of Lemma 1, the convex closure of C is a 
X 
A A 




brick. Hence as r and w are not adjacent,  C and w induce a B4, that is, w and y 
are adjacent. Consequently,  there exists a vertex z adjacent o s, x, y, and r. 
Now, r and s have three common neighbours, a contradiction. We conclude that 
v and x are adjacent in G. [] 
Lemma 3. Let G be a graph satisfying the conditions of Lemma 1, and let H be an 
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some vertex in H (say, t), then x has exactly two neighbours in H (viz. either t and 
u, or t and w) which are adjacent and lie on an induced C4 in H. 
Proof. Suppose by way Of contradiction that x is adjacent to t but neither to u nor 
w. Pick any common neighbour y of v and x. Certainly y does not belong to H, 
and is not adjacent to both u and w: we may assume that u and y are not 
adjacent. Thus the 5-circuit C given by t--> u---> v--->y--->x---~ t is induced, and its 
convex closure contains w. Then w and y must be adjacent because A2 is 
forbidden. Hence C and w induce an A3, and so, by virtue of Lemma 1, the 
convex closure of C is a dwarf. ConsequentlY, there is a vertex z adjacent to u, v, 
x, and y (see Fig. 7). Now apply Lemma 2 to the dwarf (induced by the shaded 
vertices in Fig. 7) and the vertices q and r: either vertex plays the r61e of x in 
Lemma 2. Hence we infer that q is adjacent o z and r is adjacent o y. This, 
however, gives a contradiction: q, y, and v are neighbours of the non-adjacent 
vertices r and z. [] 
2. The dwarf 
The dwarf and the brick are readily distinguished by forbidden induced 
subgraphs: the dwarf does not contain an induced B3, while the brick does not 
contain an induced A 3. We will now characterize the dwarf within the class of 
graphs considered in the preceding section. 
Theorem 1. Let G be a graph such that any two non-adjacent vertices have exactly 
two common neighbours. I f  G contains an induced 5-circuit, then the following 
conditions are equivalent: 
(i) G is the dwarf, 
(ii) G does not contain A2, B3, or B5 as an induced subgraph, 
(iii) the convex closure of  any induced 5-circuit in G is a dwarf. 
Proof. The implication (i)=), (ii) is obvious, and ( i i )~  (iii) follows from Lemma 
1. Now suppose that (iii) holds, but G is not the dwarf. Then let H be an induced 
dwarf in G labelled as in Fig. 1. If either u, v, nor w has a neighbour outside H, 
then r and t are the only possible common neighbours of u and any vertex x of G 
not in H. Hence x is a third common neighbour of r and t in G, which is absurd. 
Without loss of generality we may therefore assume that there exists a neighbour 
x of u not in H. 
Case 1. u is the unique neighbour of x in H 
Let y be any neighbour of s and x. Note that y is not a vertex of H. We may 
assume that y is not adjacent to either v or w. For otherwise, we could 
interchange the r61e of x and y, and go to Case 3 below. Now the vertices , v, u, 
8 H.-J. Bandelt, E. Wilkeit 
x, y, and w induce a B3 in G (see Fig. 6 without the edge rx). This is, however, 
impossible because the dwarf does not contain an induced B3. 
Case 2. x is adjacent o v but not to r 
Then there is a vertex z (not in H)  adjacent o x and q. Observe that r and z 
cannot be adjacent. Hence q, r, u, x, z, and v induce a B3, which is forbidden. 
Case 3. r and x are adjacent 
Then, by Lemma 2, the neighbours of x in H are u, r, and v. Let y be a 
common neighbour of s and x different from v. Then y is not adjacent to w 
because otherwise w and x would have three common neighbours. Hence, again 
by Lemma 2, y is not adjacent o v. Similarly, there exists a common neighbour z
of t and x which is not adjacent o either u or w. Then q cannot be adjacent o 
both y and z, for otherwise, q and x would have three common neighbours, viz. 
y, z, and r. Say, q is not adjacent o y. Then s, q, r, x, y, and v induce an A3. 
Since the convex closure of this subgraph is a dwarf, there exists a vertex p 
adjacent o q, r, x, and y (see Fig. 8). Now, z is different from p because it is 
adjacent o t, whence z is not adjacent o q. Then t, q, r, x, z, and u induce an 
A3. As above we get a vertex adjacent o q, r, x, and z: this vertex equalsp since 
p and r are the only common neighbours of q and x. Then z is adjacent o the 
vertices p and x of the dwarf given by the shaded vertices in Fig. 8. Hence if z is 
not adjacent o y it plays the same r61e as x in Case 2 before, which leads to a 
contradiction. So, z is adjacent o y, and therefore t, q, s, y, z, and w induce an 
A2, again a contradiction. This finally shows that Case 3 is impossible. 
x y 
If x is adjacent o t or w, then we are back in Cases 2 or 3 after relabelling the 
vertices of H. Therefore the initial assumption that the convex closure of any 
I.i w 
Fig. 8. 
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induced 5-circuit in G is a dwarf (i.e., A2, Bs, B3,3 do not occur as induced 
subgraphs) is contradictory. This completes the proof of the theorem. [] 
3. The brick 
For the brick, a uniqueness result analogous to Theorem 1 does not hold. 
Indeed, an inspection of Fig. 3 shows that the triangulation of the torus does not 
have any induced A2, A3, Bs, or  B3,3, i.e., the convex closures of all induced 
5-circuits are bricks. Now, as the triangulation of the torus is somehow stuffed 
with bricks, any further vertex would force too many edges according to Lemma 
3. Then it is not surprising that we get the following result. 
Theorem 2. Let G be a graph such that any two non-adjacent vertices ,have exactly 
two common neighbours. I f  G contains an induced 5-circuit, then the following 
conditions are equivalent: 
(i) G is either the brick or the triangulation of the torus, 
(ii) G does not contain A2, A3, Bs, or B3,3 as an induced subgraph, 
(iii) the convex closure of any induced 5-circuit in G is a brick. 
Proof. It is easy to check that (i) implies (ii). The implication (ii)@ (iii) follows 
from Lemma 1. 
Now suppose that (iii) holds, but G is not a brick. Then G properly contains an 
induced brick; say, labelled as in Fig. 2. We wish to show that G is the 
triangulation of the toms. Henceforth we use only the fact that A2, Bs, B3,3 are 
not induced subgraphs. Then we can apply Lemma 3 whenever necessary. 
Lemma 3 is actually the main tool in the proof, and we shall use it without 
explicit mention. By assumption, there must be a vertex I of G not in the given 
brick but adjacent o some vertex in the brick. Without loss of generality, the 
neighbours of l in the brick are p and q. Let m be the common neighbour of l and 
r different from q. Suppose for the moment hat m is not adjacent o q. Then m is 
adjacent o s. Let k be any common neighbour o f /and  w (see Fig. 9). Then k is 
not adjacent o m, for otherwise, m and w would have three common neighbours. 
Hence k, l, m, r, w, and q induce an A2, a contradiction. Therefore m and q are 
adjacent (as in Fig. 3), that is, m is a common neighbour of l, q, and r. By a 
similar argument, we get a common neighbour n of m, r, and s, and then find a 
common neighbour o of n, s, and p. Observe that In and mo are not edges of G 
(otherwise, either l and r or m and s would have three common neighbours). 
Hence if l and o are not adjacent, then l, m, n, o, p, q, and s induce a B3,3, which 
is forbidden. Therefore l, m, n, and o induce a C4. So far, we have two induced 
bricks in G: the "outer" brick we started with, and the "inner" brick consisting of 
the vertices l, m, n, o, p, q, r, and s. Now, let h be any common neighbour of l 
and w. Then, without loss of generality, m is the second neighbour of h in the 
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W 
inner brick. Consequently, the second neighbour of h in the outer brick cannot be 
the vertex v (for, m and v have already two common neighbours). Hence h and t 
are adjacent. Next, let i be the second common neighbour of m and t. Since I and 
t are adjacent o p and h, the second neighbour of i in the inner brick must be n. 
Similarly, as in the case of h, we see that i and u are adjacent. In an analogous way 
we find a common neighbour j of m, o, u, v, and a common neighbour k of o, l, 
v, w. Each of the vertices h, i, j, k has only four neighbours among the other 
twelve vertices (by virtue of Lemma 3). Therefore/---~ o---~p ~ q ~ v---~j and k 
induce an A2 unless j and k are adjacent. Hence jk is an edge in G, and similarly, 
we have edges kh, hi, and ij. Then h, i, j, and k induce a Ca, and thus the sixteen 
vertices induce the graph of Fig. 3 the triangulation of the torus. It remains to 
show that G contains no further vertices. Consider the twelve bricks in Fig. 3. 
Every edge in the triangulation of the torus lies on a unique C4, which is 
contained in two bricks. There are, however, two further bricks containing that 
edge (but not that Ca). So, if G has more than those sixteen vertices, then, in 
view of Lemma 3, we are certainly in trouble: for instance, if t and w are the 
vertices adjacent o a new vertex x of G, then the edge tw is o.k. for the subbrick 
of Fig. 2 but is ruled out by the brick with vertices w, k, o, s, t, h, l, p. We 
conclude that G coincides with the graph of Fig. 3, as required. [] 
4. Conclusion 
Our next task is to combine Theorems 1 and 2. 
Theorem 3. Let G be a graph such that any two non-adjacent vertices have exactly 
two common neighbours. If G contains an induced 5-circuit, then the following 
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conditions are equivalent: 
(i) G is either the dwarf, the brick, or the triangulation of the torus, 
(ii) G does not contain A2, Bs, or  B3. 3 as an induced subgraph, 
(iii) the convex closures of induced 5-circuits in G are dwarfs or bricks. 
Proof. The implication ( i )~  (ii) is evident, and ( i i )~  (iii) is true in view of 
Lemma 1. Now suppose that (iii) holds. If the convex closures of all induced 
5-circuits in G are dwarfs, then G is itself a dwarf by Theorem 1. Otherwise, 
there exists an induced-brick in G. Then, as in the proof of Theorem 2, we see 
that G,is either the brick or the triangulation of the toms. [] 
At this point we should mention that the assumption .that G contains an 
induced C5 is certainly not superfluous. The graphs G without induced (75 but 
satisfying the initial hypothesis of Theorem 3 have been described in [1]: they are 
either cartesian products of complete graphs or joins K1 + H of the singleton 
graph and geodetic graphs H of diameter two (without induced C5). This infinite 
list of graphs contains only two graphs, viz. K4 X K4 and K4 = K~ + K3, in which 
also any two adjacent vertices have exactly two common neighbours. Amongst 
graphs in which any two vertices have exactly two common neighbours, the 
graphs K4, K4 x/(4,  and the triangulation of the torus are characterized by three 
forbidden induced subgraphs: A2, Bs, and B3, 3. That much follows from Theorem 
3. Actually, B5 and B3,3 can be omitted, as is asserted by the concluding 
theorem. 
Theorem 4. Let G be a graph in which any two vertices have exactly two common 
neighbours. Then G is either the complete graph 1(4, its cartesian square K4 x K4, 
or the triangulation of the torus if and only if G does not contain A2 as an induced 
subgraph. 
Proof. Suppose that G does not contain any induced A 2. 
and [1] Theorem 3, it remains to show that B5 and B3,3 are 
of G. 
In view of Theorem 3 
not induced subgraphs 
By way of contradiction first suppose that G contains an induced Bs, consisting 
of the 5-circuit v0---~ Vl---> v2---> v3---> v4---~ v0 and a vertex u adjacent to all vertices 
vi (see Fig. 10). For i = 0, 1, 2, 3, 4, each pair vi, vi+l (indices modulo 5) of 
adjacent vertices has a second common neighbour wi. Observe that all vertices w~ 
are pairwise different. For the moment assume that w~ and ~ are adjacent if and 
only if i - j  equals 2 or 3 (modulo 5). Then, however, the subgraph consisting of 
u, and all vi, w/ contains an A2, for instance, induced by the 5-circuit 
w0------> w2--> w4----> Wl--> w3----> w 0 and the vertex Vo. Therefore, say, Wo and w 2 are not 
adjacent. Since w0 is not adjacent to either u or any vi with i :/: 0, 1, there must be 
a common neighbour x of Wo and v3 different from u and all vi, wi. Notice that x 
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Fig. 10. 
cannot be adjacent to either u or any vertex vi with i :/:3. Consequently,  
u-,vo-~Wo-+X-,Va-~U is an induced 5-circuit, and there must be a second 
neighbour of y of u and x, different from any vi. Then y cannot be adjacent o Vo, 
14'0, or 13  because otherwise some pair of vertices would have more than two 
common neighbours. Hence the shaded vertices in Fig. 10 induce an A2, which is 
forbidden. We conclude that G cannot contain an induced Bs. 
Finally, suppose that G contains an induced B3.3, given by a 5-circuit 
r - , s -~t -~u-+v-* r  and vertices p and q adjacent to u, v, r, and r, s, t, 
respectively (see Fig. 11). Then in G the pairs v and s, p and q, v and q, and p 
and s each have a second common neighbour w, x, y, and z, respectively. The 
latter vertices are pairwise different because otherwise ither p and v or q and s 
would have more than two common neighbours. Since p is already a common 
neighbour of r and v, q one of r and s, v one of p and r, and s one of q and r, 
either w and x or y and z are not adjacent o r. Without loss of generality, assume 
the former. Then,  as A2 is forbidden, w and x are adjacent o t or u. If w (or x) is 
adjacent o u but not to t, then p, r, s, t, u, and w (or x) induce an A2, which is 
impossible. Therefore w and x are adjacent o both t and u (see Fig. 11). Since u 
and v are the two common neighbours of p and w, the vertices w and x are not 
adjacent. Hence p, v, w, t, x, and u induce a Bs, which is forbidden (as was seen 
before). This completes the proof. [] 
Corollary. The triangulation of the tor~ is the unique graph G such that any two 
vertices of G have exactly two common eighbours, and G contains an induced C5 
but no induced A 2. 
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Fig. 11. 
Note that in each part (ii) of Theorems 1, 2, and 3 no graph can be omitted. 
Indeed, in [1] infinite graphs have been constructed which satisfy all the necessary 
conditions except hat they contain either an induced A2, or an induced B3, 3. In a 
similar fashion we can find infinite graphs serving as counter-examples to the 
corresponding weakened version of Theorem 4. 
Example. Let Go be a graph such that any two vertices have at most two common 
neighbours, but Go is not the triangulation of the torus. Assume that, in addition, 
Go contains (75 but neither B5 nor B3,3 as an induced subgraph. If Gk (k t> 0) has 
been constructed, then Gk+l is obtained from Gk by adding a new neighbour x to 
each pair u and v of vertices having at most one common neighbour in Gk (SO that 
u and v are the only neighbours of x in Gk+l). Let G~ be the limit (i.e., directed 
• OQ 0 
V V 
G O G~ 
Fig. 12. 
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union) of all graphs Gk. Then G~ is a graph in which any two vertices have 
exactly two common neighbours and there are infinitely many induced subgraphs 
A2 but no induced subgraphs B5 and B3, 3. 
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